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Solve...

y:t_12[y+1] with y(0) = 1
(i’2> - <_0625 —8.5) (Q) + (tt2> y1(0) = y2(0) =1

Solutions will be online (on my website) this sunday.



Graphical Analysis

Recall the system...

k=f(k)—c—(n+d)k (Capital growth)
¢ 1,df(k) .
= E(W —0 —p) (Consumption growth)
——
=:f"(k)

» We found the curves where k = 0,¢& = 0 and draw them.

» We did some analysis around those curves to find where
k >< 0,¢ >< 0 and ruled out bad equilbriums.

» | argued there was a set of points leading to the stable
equilibrium (steady state).
» That lead us to this graph :



Graphical analysis

Figure: Dynamics of the system of DE.



Saddle path

How do we find the Saddle path 7
We use the time elimination method if the system is not an explicit
function of time.



The time elimination method

If we use the implicit function theorem and divide the second
equation by the first, we find :
dcdt dc k® —c—(n+d)k

dtdk — dk ~  (ak91 —§ — p)c

We got rid of time. This is an non-linear differential eq. that gives
represents ¢ as a function of k.

One last problem : the previous equation is not defined at the
steady state : (0/0). Use I'Hospital’s rule to circumvent this.



Linearizing a system of DE.

» You a have a non-linear system...

» You found candidate equilibria...

» You want to test which one is the best and/or...

» You want to get a linear approximation of the system/saddle

path around the equilibrium.

What do we do 7 Well, we call our friend Taylor.



Linearizing a system of DE.

Let y = f(x) be a non-linear function. Then, its Taylor expansion
of order n around x™s :

1 d"
(X—XL—)J—F"'—I—E xy (x — xBF

x=x[1 I dx” x=x[1
1 d'f(x)
_Z dx’ (X_XL—),

x=x[1
Since we want linear approximations, we do not go further than
the first derivative (e.g. n=1).

() = <P+ 2




Linearizing a system of DE.
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Figure: eX, T%(eX), T1(eX), T*(e*) around x = 0.



Stability and the Jacobian

What if the system is of size greater than one ?

Definition (Jacobian)

Let y = f(y, t) be a system of DE with m equations and n
variables. Then, the Jacobian is :

o o o

3. - Oy ' Oy

J = 9Yi 0yi 9yi
=13 - dy, - oy
3y ' By, ' Oy

It is the matrix of (partial) derivatives of the system.



Stability and the Jacobian

What does this mean ?
» If you evaluate
you will get a matrix of numbers.

» This is the first order approximation matrix you get by
linearizing this system around y"’

» In other “words” this becomes a linear system
yry =+ Jjy_y.y

» In other words, this is the first order Taylor expansion of the
system.



Stability and the Jacobian

What is the link between this and the stability of the system ?

» Recall that any (invertible matrix) J can be written in the
form VDV ™! (eigenvectors/values).

» And if the eigenvalues are smaller than zero, the system is
stable.

» This is the link between the Jacobian and the stability of the
system.

» Using the time elimination method, you can also get an
approximation of your saddle path.



Example

Let the system be :

y1=y5 — (y1 + 10)
Y2=y1— )2



Example
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Figure: Stable parts of the system (y; = 0.)



Example

Six candidate equilibria :

y1=-10 y2 =—10 (ruled out)
y1=0 y2 = V10 (three ruled out)

1++v41
Y=y Y2 = 5

1—+v41
1=y Yo=—F5—

2
v_
We will only examine the stability of (y; = y, = 111).



Example

The linear approximation is :

B-G2)

=J

<y1>
Y2
n=y=141)

. -1 1+ \/H y1
1 -1 y2
Eigenvalues are

M=V1+vV41-1>0X =—-V1+V41-1<0.



Stability and the Jacobian

What is the link between this and the stability of the system ?
» Recall that there are many possible candidates for eigenvalues.
» These candidates form lines that determines the direction.
» Hence, our system is unstable in the direction of v; but stable
in the direction of v;.
» Of course, this is a good approximation only close to the
equilibrium.



Example

Direction of v1 \:
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Direction of v2

Figure: Eigenvectors, eigenvalues and stability.



Hamiltonians & Lagrangean

» Normally, one would form the Lagrangean to solve such
problem.

> (_)ne would then need to find the FOC for all control variables,
k included.
Ak

» The problem is that 37 is not known.

» We need to find a different approach.



Hamiltonians 101
A finite time problem looks like :

max/T v(k,c, t)dt (Value function)
c(t) Jo
k = glk,c, t] (Resources constraint)
k(0) = ko (Initial condition)
0< k(T)e T (Transversality condition)

A infinite time problem looks like :

T
max _lim / e Ptu(k,c,t)dt (Value function)
c(t) T-<Jo

k = glk,c, t] (Resources constraint)
k(0) = ko (Initial condition)

0< 7_Iim k(T)e T (Transversality condition)



Transversality condition

» From Lagrange to Hamilton : read Barro or Cozzi's note.
Things are pretty clear.

» You also get see naturally why the transversality condition is
needed.

» Economic intuition : we do not want to waste some
ressources (finish with a positive amount of capital).

» The constraint also implies there is no infinite borrowing
(Barro. pp 91-92).

» Hence, we force agents to have meaningful choices.



The recipe

Form the Hamiltonian (note that we get rid of the variable k):

H:=v(k,c,t) — Ag(k,c,t)
Find the FOCs :

e = 0 (Marg. value of ¢ = 0)

T — [ (Marg. value of k = —))



Intuition for the FOCs

» The first one is obvious : an additionnal unit of consumption
adds nothing in terms of instantaneous utility. Exactly like a
static problem.

» Now, if you take more capital today... you can afford more
utility today...

» ...but you get less capital tomorrow and thus, you can afford
less utility tomorrow.

» This variation in utility is measured by the variation of the
price of utility : the shadow price.

» Hence, to get the optimum, you must balance your gain in
utility up to the loss of extra utility tomorrow.



What to do with the FOCs ?

» If the system is well behaved (concave instantaneous utility
function, concave compact valued constraints, etc.), you will
get a nice set of differential equations.

> The first one directly from the ressource constraint
(k = g(c, k, t)).
» The second one by combining the FOCs together.

» Then you can do fun stuff : graphical analysis, numerical
solutions, linearisation with analytical solutions and so on...



What to do with the FOCs ?

If the system is not well behaved, then one need to pay attention
to more abstract problems.The system might not have a unique
solution or might have a unique one with discontinuities.

> In the first case, one has to be careful in the chosen solution,
as another one might lead to different conclusions.

» In the second case, finding the solution is messier.



An example of the second case

This is the “bang-bang” model. Consider the system :

.
max /O [F(k) — 1]

k=1-06k k(0) = ko
0</<bh F(k) = k®

» Note that the resource constraint is no longer concave in the
control variable (linear in /).

> So the solution might be interior (k = | — 6k) or a corner
solution (k = b — 0k, k = —dk).

» One must cover all possibilities while seeking for the
maximum.



An example of the second case

The Hamiltonian is :

H :=[f(k) — 1]+ A(l — 6K)

Subject to :
/>0
b—12>0

» When the Hamiltonian is well behaved, we know the solution
is interior. This is no longer the case.

» So we need to use Kuhn-Tucker conditions to cover corner
solutions.



An example of the second case

Hence we form :
Hy :=[f(k) = 1] + A(I = 0K) + pal + pa(b—1)
The FOCs are :

0=—-1+A4p1 —p2
~A=fk) — A6
The slackness conditions are :

0)
D)

(If we are in the corner | = b, p1o = 0. If we are in the other corner
I =0,u1 =0).

0
0

p1 >0 pa(!
p2 >0 p2(b



An example of the second case

Our goal is to find the dynamics in the (k, \) space.

» Here, we make a guess : from the first FOC and the slackness
conditions, investment will depend on A.

» We need to verify this guess later.

Our system is thus :

A= A6 — k)
k = I(\) =k
~~
guess
With the conditions :
k(0) = ko (initial wealth)

k(T)=0 (transversality condition)



Back to the solution of /

If /'is not in a corner solution, then we have (from slackness
conditions) that p3 = pp = 0. This yields :

1=A

and since it is a constant, we have A =0. In this case, we then
have :

k) =0

Now, if | =0, we find A =1 — 1 and thus, A < 1. Conversely, if
I = b, we find A =1+ pp and thus, A > 1.



Back to the solution of /

v

Soif | =0,k = —0k. That is, in the region A < 1.

If I = b, k=b - dk. That is, in the region A > 1. (Assume
b > 0k so that k > 0.)

If | is free, k = | — k.

For the dynamics of A, we solve A =0, that is

v

v

v

ka—l

A=
“s

v

With this, we can do some graphical analysis.



Graphical solution

Figure: Steady state, dynamics and tutti-frutti.



Back to our guess.

» From this, we deduce that /() is a correct guess.

» One sets Investment to its maximum/minimum value to reach
the equilibrium (first bang).

» Once at the equilibrium, a discontinuity occurs and the system
leaves the equilibrum (second bang).

» From that, no need for stability analysis...
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